In this paper, we study exponential mean-square stability, boundedness in probability uniformly in t and pth-moments of the solution process of well-known interest rate models such as Vasicek, BrennanSchwartz, Hull-White and Dothan. Some of the results obtained here appear to be new.
Introduction
Stability of stochastic differential equations is a well-established area of research, see, for instance, Khasminskii [7] . However, the stability of financial models has not received considerable attention in the literature. This perhaps motivated Svishchuk and Kalemanova [9] , to initiate a study on stability properties like stability in probability and p-stability of solutions of several interesting financial models like Black-Scholes, Vasicek, and Cox-Ingersoll-Ross and also such models with Poisson jumps. Subsequently, Govindan and Acosta Abreu [6] , continued the study further by considering uniformly boundedness in probability and exponential mean-square stability of financial models mentioned earlier. Moreover, Bhan and Mandrekar [2] considered some recurrence properties of term structure models. We refer to Brigo and Mercurio [4] for a study on interest rate models.
In this paper, our goal is to study exponential mean-square stability, boundedness in probability uniformly in t and pth-moments of the solution process of well-known interest rate models such as Vasicek, Brennan-Schwartz, HullWhite and Dothan.
Preliminaries
Let (Ω, F, {F t } t≥0 , P ) be a complete probability space. Let {W (t), t ≥ 0} be a Wiener process, see Arnold [1] , defined on this probability space.
Consider the stochastic differential equation (SDE), see for example, Arnold [1] :
Let f (t, 0) = 0 and g(t, 0) = 0 a.e. t, so that equation (2.1) admits the trivial solution x(t) ≡ 0. Let x(t) = x(t, t 0 , x 0 ) be a solution of (2.1), where x 0 ∈ R = (−∞, ∞) is a constant (sometimes, we shall consider x 0 as random variable independent of {W (t), t ≥ 0} with E|x 0 | 2 < ∞. Let x * (t; t 0 , x * 0 ) be any other solution of (2.1) with x * (t 0 ) = x Definition 2.2 The solution x(t) of (2.1) is said to be bounded in probability uniformly in t if
for sufficiently small |x 0 |.
Vasicek
The Vasicek model for the interest rate process r(t) is given by the SDE:
where α, β and σ are positive constants.
Proposition 3.1 Equation (3.1) has a solution given by
Proof The proof follows by appying Itô's formula.
In the following result we obtain pth-moment of the solution process. 
for p ≥ 2 and for each t ∈ [0, T ](0 < T < ∞).
Proof Consider
Using the following well-known inequality
the following property for the stochastic integral
and taking expectation, we have
from which (3.3) follows.
Brennan-Schwartz
An extension of the Vasicek interest rate process r(t) with a multiplicative difussion, known as the Brennan-Schwartz interest rate model, see [3] , is given by the SDE:
where k, θ and σ are positive constants. Proposition 4.1 Equation (4.1) has a solution that satisfies the following integral equation
Proof The proof follows by applying Itô's formula.
Proposition 4.2 For the model (4.1), we have
Proof Taking expectation of the process (4.2) it follows:
For the second moment, we have
Taking limit
Proof Let r * (t) be a solution of (4.1) satisfying r
Taking expectation on both sides of this last expression, we get
Now, by application of Gronwall's inequality to equation (4.3) we obtain 
Applying Gronwall's inequality the result follows.
Theorem 4.2 For the Brennan-Schwartz interest rate model (4.1), the solution processs is bounded in probability uniformly in t provided 2k > σ 2 .
Proof Consider the generating operator L [7] applied to the function V (r) = r 2 , r > 0:
We have
Now, from Itô's formula for V (r) = r 2 , r > 0 and from (4.5), we get
From the last inequality, if M ≥ C, then
for sufficiently small r 0 .
Hull-White
The Hull-White interest rate model, see [4] , is an arbitrage-free model that can be seen as the Vasicek interest rate model with a time-dependent reversion level. We first look at a general case and next we look at the Hull-White interest rate model when the time-dependent reversal level is described by considering the forward rate and a convenient expression for the volatility. In this case, it provides an exact calibration to the current term structure of interest rates. The Hull-White interest rate model also termed as extended Vasicek model for the interest rate process r(t) is given by the SDE:
where α(t), β(t) and σ(t) are nonrandom positive functions of the time t.
Proposition 5.1 Equation (5.1) has a solution given by
where
Proof It follows by applying Itô's formula to the function g(t, r) = k(t)r. Proof We take expectation and variance to the solution process (5.2) as follows:
A special case An exact fit to the current term structure of interest rates can be obtained with the following SDE:
where r 0 , a and σ are positive constants. The nonrandom positive function θ(t) of the time variable t can be expressed as, see [4] ,
where F (0, t) is the forward rate and F t (0, t) is the time derivative of the forward rate. The volatility is assumed to be of the form v(u, t) = σ a
(1 − e −a(t−u) ).
Proposition 5.3
The process r(t) = r 0 e −at + α(t) + σe
2 is the solution of the SDE (5.3).
Proof It follows by applying Itô's formula to the function g(t, r) = e at r.
Proposition 5.4
For the solution process (5.5):
Proof Taking the expectation of the process (5.5)
and for its second moment
Theorem 5.1 The solution process of equation (5.3) is exponentially meansquare stable.
Proof Considering the difference of solutions, it follows that
Hull-White: An extension
This model considers a time-dependent reversion level property while the volatility term is assumed to be proportional to the interest rate level. The extension of the Hull-White model for the interest rate process r(t) given by the SDE: is the solution of the SDE (5.6).
Proof It follows by applying Itô's formula to the function g(t, r) = e at r. Proof Considering the difference of solutions, it follows proceeding as in Proposition 4.3:
Dothan
The properties obtained are known for stocks given for the Black-ScholesMerton equation [5, 8] . However, we obtain similar properties for the interest rate process. We consider the following form of the Dothan model for the interest rate process r(t):
where a is a real constant and r 0 and σ are positive constants.
A well-known solution of this model is [9] : Taking expectations on both sides of the equation, we obtain E|r(t) − r * (t)| 2 = E|r 0 − r * 0 | 2 E exp 2(a − 1 2 σ 2 )t + 2σW (t) .
Thus
E|r(t) − r * (t)| 2 = E|r 0 − r * 0 | 2 exp 2(a + σ 2 )t , t ≥ 0.
